
N U M E R I C A L  S O L U T I O N  O F  A N O N L I N E A R  

P R O B L E M  O F  H E A T  C O N D U C T I O N  

R E V E R S E  

O.  M.  A l i f a n o v  UDC536.24.01 

Two numer ica l  methods a r e  shown for  determining the t r ans ien t  t he rma l  f luxes and t e m p e r a -  
t u r e s  at a sur face  of a heated plate with va r i ab le  the rmophys ica l  p rope r t i e s .  The effect  of 
input data prec is ion  on the r e c o v e r y  of boundary functions is  also cons idered .  

We cons ider  a r e v e r s e  p rob lem of heat c o n d u c t i o n  in a thick and infinitely la rge  plate.  At both the 
outer  and the inner  sur face  of the plate appear  t he rma l  f luxes va r i ab le  with t ime  q(r) and qbs(r)  r e s p e c -  
t ively.  Thermal  flux q(~-) is unknown, but the t e m p e r a t u r e  T0(r ) at a fixed point inside the body is known. 

The original  T--X space (Fig. 1) will be subdivided into two subspaces  D~{--Xbs __< x _< 0, 0 _< r _< ~"m} 
and D2{0 _< x __< x o, 0 _< r ~ rm}. Establ ishing the t e m p e r a t u r e  Tw(T) and the t he rma l  flux q(z} at the outer  
sur face  of the body may be r ega rded  as extending the solution to the parabol ic  equation along the x - c o o r -  
dinate to the space boundary. The equation of heat  conduction can be in tegra ted  in two different ways. In 
one  way the integrat ion over  region D 2 p roceeds  in the direct ion of posi t ive x, in the other  way the in t eg ra -  
tion over  regions  D 1 and D~ p roceeds  in the same direct ion (of posi t ive x) so that it is not n e c e s s a r y  to sub-  
divide the en t i re  region. In o rde r  to evaluate  each method, we have developed numer ica l  a lgor i thms  and 
p e r f o r m e d  compute r  exper iments .  Let us cons ider  the f i r s t  method (scheme Num~) f i r s t .  

F r o m  the solution to the fo rward  p rob lem of heat conduction with st ipulated boundary conditions for  
region D1, one de te rmines  the t e m p e r a t u r e  field and the the rma l  flux qo(T) at point x = 0. In o rde r  to s t a r t  
in tegra t ing in region D2, one mus t  know the t e m p e r a t u r e  T0(r) and the t he rma l  flux q0(~-}, and it is n e c e s -  
s a ry  to st ipulate the boundary condition at v = 7m: 
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Fig. 1. Regions defined 
for  the solution of the f o r -  
ward  andthe  r e v e r s e  p rob -  
l em of heat  conduction. 
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O~ Ox Ox ) 

T (x, o) = f (x), o r  (x, T~) : :  ~ (x) ,  

OT (0, ~) (2) 
T(0, I : ) = T  0(~), ~ E  - -  =q0(~)" 

0x 

The end resu l t  of solving this  p rob lem is to be the determinat ion of 
the unknown functions Tw(T) and q(r We note that  it is not usual ly  pos -  
s ible  to st ipulate function r a p r io r i .  As has  been shown in compute r  
expe r imen t s ,  one may  let (0T(x, Tm)) /0r  = 0 or,  be t te r  still ,  (~T(x, rm)) 
/0T = (~T(0, r m ) ) / S r  = const .  The solution deviates  then f r o m  the sought 
solution within a r a t he r  na r row region ~ < r -< Tin. This  deviation can be 
reduced significantly,  if  an approximat ion to function T(x, r m) is found by 
ext rapola t ing  in each x i l ayer  f rom known t e m p e r a t u r e s  Tin (n < m) in a c -  
cordance  with the se lec ted  gr id  {xi}i --- 0, 1 . . . . .  k; { Vn}n = 1, 2 . . . . .  m. 

As a rule,  however ,  the neces s i ty  of st ipulating the boundary condi-  
tion at ~- ~- T m can b e  avoided but, consequently,  the solution in the vicini ty 
of this boundary will become l e s s  p r ec i s e .  This  is poss ib le  because  of the 
t e m p e r a t u r e  T0(Y) being usually known not only through the interval  [0, rm] 
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F i g .  2. R e s u l t s  of so lv ing  a m e t h o d o l o g i c a l  r e v e r s e  
p r o b l e m  with e x a c t  and with p e r t u r b e d  v a l u e s  of the  i n -  
put  t e m p e r a t u r e  (q, ~ x 0 = 0.8 mm) :  s o l i d  l i n e s  r e p r e -  
s en t  e x a c t  so lu t ions ;  1) a l g o r i t h m  of Num~ wi th  6 ~ 0, 
A F o =  0.06, a n d k = 8 ;  2) a l g o r i t h m  of Num 2 w i t h 5  ~ 0 ,  
A F o  = 0.06, and ~ = 5; 3) a l g o r i t h m  of Num 1 with  a n o r -  
m a l  d i s t r i b u t i o n  of t e m p e r a t u r e  e r r o r s  3an(T) -- 0.1T0(~-), 
A F o  = 0.32, and  k -- 6; 4) a l g o r i t h m  of Num~ with  3~n(T) 
= 0.1T0(T), A F o  = 0.15, and k = 6); 5) a l g o r i t h m s  of 

Num 1 and Num 2 with  3an(r)  = 0 .05T0,ma x and A F 0  =0.06.  

but  a l s o  at  r > T m,  which  p e r m i t s  a m o d i f i c a t i o n  of r eg ion  D 2 f r o m  a r e c t a n g u l a r  to a t r a p e z o i d a l  one (Fig .  
1). The t e m p e r a t u r e s  at  the  f r e e  b o u n d a r y  EC a r e  o b t a i n e d  a u t o m a t i c a l l y  in the  c o u r s e  of the  so lu t ion  p r o -  

c e s s .  T 
? 

We now i n t r o d u c e  a new v a r i a b l e  0 = (1/)t  o) 1 MT)dT.  

0 

00 
:= a (0) 

0~ 

P r o b l e m s  (1)- (2) b e c o m e s  then  

The d i f f e r e n c e  ana log  of Eq. 
s c h e m e :  

0:0 (3) 

c) x ~ 

o (x, O! : ) (x ) ,  Oo (x, T,,,) _ ~ (.~), 
07: 

0(0, T) 00(T), )~0 00(0, ~) . . . . .  q0 (T). 
Ox 

(3) i s  c o n s t r u c t e d  a c c o r d i n g  to the  e x p l i c i t  s y m m e t r i c  " c r i s s - c r o s s "  

Oi+ln =-: 201~. - -  01_1. (-~'V)~'2 (01,.+ 1 - -  Oi._(}. 
2ai,,-kT 

The t h e r m a l  f lux i s  d e t e r m i n e d  f r o m  the  r e l a t i o n  b a s e d  on the  m e t h o d  of e l e m e n t a r y  hea t  b a l a n c e s :  

q, ::: x0 01~7, - -  Ok-1.. )~0 Ax 0~,,+ 1 - -  01: ,, 
Ax ai, , 2 AT 

We wi l l  nex t  c o n s i d e r  the  s e c o n d  m e t h o d  of so lv ing  t h i s  r e v e r s e  p r o b l e m  of hea t  c onduc t i on  ( s c h e m e  
Num2). The  so lu t i on  i s  c o n s t r u c t e d  h e r e  a c c o r d i n g  to  the  i m p l i c i t  f i n i t e - d i f f e r e n c e  s c h e m e  fo r  a p p r o x i m a t -  
ing the  q u a s i l i n e a r  equa t ion  of hea t  conduc t ion ,  w r i t t e n  a s  fo l lows  (the o r i g i n  of c o o r d i n a t e s  i s  l o c a t e d  on 
the p l a t e  b o u n d a r y ) :  

02T 1 0 T  ~' t (OT~ 2, O<x<~b, T>O, (4)  

Ox"- a OT ~. \ o x /  

1071 



where 
~.=s a = a ( T ) ;  s  d~ 

dT 
We thus write for  (4) an implici t  s ix-point  scheme,  the second derivat ive weighted with a = 1 and ap-  

proximated (see, for  instance,  [11): 
[ ] a~h~ 2ainA'~ T~,~+~ 

at..A'~ Ti_I,~+I ,.A_ 1 + (Ax) "~ (Ax) 2 (~x)~ 
ai-+A* 3+'~,~ : + ) +'+-+++" 

- -  Ti+ln+l (5) 

Assuming, for  simplicity,  that the back surface  of the plate is thermal ly  insulated (qbs = 0), we write the 

boundary conditions at x = 0 and x = b: 

respect ively�9 

q,.+1 ~- )~m, T0~+1 - -  Tln+l = Cor~ Ax To,+l - -  To, , 

Ax 2 A,  

" Tz~'+* - -  T l - l " + l  ~- Cl~ Ax T z , ~ + l - - T z , ~  

- -  I~z~z A x  2 A'~ ' 

The initial condition is 

T i 0 = f ( x 3 ,  i - ~ 0 ,  1 . . . . .  t, 

Relations (5)-(7) yield a sys tem of l inear  algebraic  equations for  the unknown thermal  flux qn+t and 
the unknown t empera tu re s  Ttn+t (i = 0 . . . . .  ~ - -1 ,  n + 1 . . . . .  l, where Tu  is a known t empera tu re  at a 
given point i = n inside the body). As a resul t ,  with the notation 

d~ I ~ 2 a~,fl~ ai~AT 
(kx) +0 (ax) ~ 

, a,,,A'r ( s ~ (Ti+l, ' __ T,_an)2, 
bin ~- Tin ~ (AX)2 \ 4~'ir~ / 

f o~ 2a~ = q,~+, § To,~, 
)Vo,~Ax 

Az ---- b, 

A = 

- do ~ 2eo~ - -  1 -  

ez~ dl n ez ~ ~ 0 

e~,~ d2n e2n U 0 

we have 

e~_~n d~_2~ e~_2n 0 

ex_1,~ d~_l ~ 0 

e~n eun 

O du+l n eu+ln 
ex+2~ dx+2~ ex+2n 

2eln din 

0 

0 

0 

0 

(6) 

(7) 
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Fig. 3. Results of solving a methodological 
reverse problem according to scheme Num 2, 
with smoothed values of the input tempera- 
ture (q, ~ x 0 = 0.08 ram): solid line repre-  
sents exact solution; 1) normal distribution 
of temperature er rors  with 3an(r) = 0 1T~ mn , 
AFp = 0.06, and ~ = 5 (T~ smoothed by fourth 
differences, number of smoothings N = 10,000); 
2) 3Crn(r) = 0.1T~,max, AFo = 0.06, and %=5 
(T~ recovered by the regularization method). 
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Z = =  

Ton+I 

Tln+l 

T2n+I 

T• 

Tu_ln+l 

Tu+ln+l 

T •  4 2 7z + 1 

Tx+:3n+l 

; b =  

0 

blT~ 

D2 n 

bx_~,7. 

b• --ez_lnTx,,+t 

bx+ln - -  ex+lnTzn+l 

bN.~2,,, 

Tin 

The so lu t ion  to the  s y s t e m  Az = b can  be b a s e d  on the G a u s s  e l i m i n a t i o n  m e t h o d  o r  on the  s q u a r e - r o o t  m e t h -  
od [2]. In the  l a t t e r  c a s e  the  o r i g i n a l  s y s t e m  i s  r e d u c e d ,  with the  a id  of a G a u s s  t r a n s f o r m a t i o n ,  to  a s y s -  
t e m  with a p o s i t i v e - d e f i n i t e  m a t r i x  

A'Az  : A'b. 

N u m e r i c a l  c a l c u l a t i o n s  by both m e t h o d s  have  y i e l d e d  a l m o s t  i d e n t i c a l  a n s w e r s  to p r o b l e m s  of th i s  
Mnd. 

" On the b a s i s  of  t h e s e  a l g o r i t h m s  fo r  so lv ing  r e v e r s e  p r o b l e m s ,  p r o g r a m s  w e r e  w r i t t e n  in the  A L G O L  
l anguage  and m e t h o d o l o g i c a l  e x a m p l e s  w e r e  s o l v e d  on two c o m p u t e r s :  m o d e l  M-220  a n d  m o d e l  BESM-6 .  
The r e s u l t s  a r e  shown h e r e  fo r  one such e x a m p l e .  F o r  the  p u r p o s e  of a n a l y s i s ,  the  body was  c o n s i d e r e d  
to  be an e x c e l l e n t  t h e r m a l  i n s u l a t o r  (it ~ 1.3" 10 -4 k W / m "  ~ and a = 1.2 �9 10 -7 m 2 / s e e ) .  The t h e r m a l  f lux 
function was known a p r i o r i  (q = qx0/i t  , Fo  = aT/x~): 

q 48 -:- 88 Eo 27 Fo ~-, ~ 

F r o m  the  so lu t ion  to the  f o r w a r d  p r o b l e m  of hea t  conduc t ion  in r e g i o n  D1, we found the v a l u e s  of  the  t e m -  
p e r a t u r e  at  po in t  x 0 which  c o r r e s p o n d e d  to q. An a e e u r a e y  wi thin  5 -< 10 -2 to 10-3~ was  a t t a ined .  The 
t e m p e r a t u r e  thus  found was  then  adop t ed  as  the  e x a c t  input  func t ion  fo r  so lv ing  the  r e v e r s e  p r o b l e m  of hea t  
conduc t ion .  The sought  Tw(7) and q(~-) c u r v e s  d e t e r m i n e d  a c c o r d i n g  to  s c h e m e s  Numl  and Num z w e r e  s t ab l e  
within the  g iven  r a n g e  0.06 _< A F o  -< 0.32 (Fig .  2). Howeve r ,  r a n d o m  p e r t u r b a t i o n s  in the  i n i t i a l  t e m p e r a -  
t u r e  p r o d u c e d  i n s t a b i l i t i e s  in the  c o m p u t a t i o n  p r o e e s s  at  Fo  < 0 .3 -0 .4  (Fig .  2). Th i s  i s  a p p l i e d  p a r t i c u l a r l y  
to the  a l g o r i t h m  of s e h e m e  Num 2. A n e e e s s a r y  i n c r e a s e  of the  AT s t ep  m a y  s i g u i f i e a n t l y  w o r s e n  the  a c -  
c u r a c y  of the  so lu t ion .  In m a n y  p r o b l e m s ,  m o r e o v e r ,  w h e r e  i n t e n s i v e  t h e r m a l  p h e n o m e n a  a r e  s i m u l a t e d  
e x p e r i m e n t a l l y  the  A T s t ep  b e c o m e s  p r o h i b i t i v e l y  l a r g e  ( s o m e t i m e s  even l a r g e r  than  the e n t i r e  t e s t  t i m e  
i n t e r v a l  of i n t e r e s t  to  the  r e s e a r c h e r )  and  sueh  a m e t h o d  of s t a b i l i z i n g  the s o l u t i o n  is  u n s u i t a b l e .  F o r  t h i s  
r e a s o n ,  we s t u d i e d  the  f e a s i b i l i t y  of s p e c i a l l y  p r o c e s s i n g  the  input  da t a  so a s  to p r o d u c e  s t a b l e  a p p r o x i m a -  
t i ons  at  s u f f i c i e n t l y  s m a l l  A t - s t e p s .  

The input  da t a  w e r e  s m o o t h e d  by the  f o u r t h - d i f f e r e n c e s  (five po in t s )  m e t h o d  and the input  func t ion  was  
r e c o v e r e d  by the  r e g u l a r i z a t i o n  me thod .  

Smoo th ing  by m e a n s  of  f o u r t h  d i f f e r e n e e s  [3] i s  b a s e d  on the  f o r m u l a  fo r  s u e e e s s i v e  ( p o i n t - t o - p o i n t )  
r e f i n e m e n t s  of the  e e n t r a l  v a l u e s  (at j = 0) of s e c o n d - d e g r e e  p o l y n o m i a l s  T = a + bj + ej  2 d rawn  t h r o u g h  f ive  
p o i n t s  a c c o r d i n g  to the  p r i n c i p l e  of  l e a s t  s q u a r e s :  

a : = T  0 -  3 • 
35 

Th i s  m e t h o d  u s u a l l y  y i e l d s  a s u f f i e i e n t l y  s m o o t h  c u r v e  wi th in  a s h o r t  m a e h i n e  t i m e .  

Smoo th ing  the  input  da t a  y i e l d s  only s o m e  a v e r a g e  a p p r o x i m a t i o n  to the  sought  t e m p e r a t u r e  c u r v e  
T(z) (without  r e c o v e r i n g  the d e r i v a t i v e  T'  (~)). N u m e r i c a l  e x p e r i m e n t s  have  shown tha t  t h i s  m e t h o d  of  g e n -  
e r a t i n g  the  input  funct ion  i s  a d v a n t a g e o u s  when the  f l uc tua t ion  e r r o r s  in the  v a l u e s  of  the  t e m p e r a t u r e  r e -  
m a i n  s m a l l .  In r e a l  e x p e r i m e n t s  t h e s e  e r r o r s  a r e  due to  the  i n a c c u r a c y  of m e a s u r i n g ,  r e c o r d i n g ,  and  d e -  
eod ing  d e v i c e s .  When the  f l uc tua t i on  e r r o r s  b e c o m e  s u f f i c i e n t l y  l a r g e ,  then  the a p p l i c a t i o n  of t h i s  m e t h o d  
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to the solution of r e v e r s e  p r o b l e m s  may,  in the final ana lys is ,  lead to an apprec iab le  dis tor t ion of the bound- 
a ry  conditions (Fig. 3). When genera t ing  the input data in those cases ,  one mus t  seek  the approximat ion  not 
only to the sought function but also to i ts  der ivat ive .  

Determining the der ivat ive  of a function on the bas i s  of t e s t  data is an i l l - s t a t ed  p rob lem,  because  of 
the unboundedness of the different ial  opera to r .  An a lgor i thm for  un i formly  approaching a der iva t ive  can be 
cons t ruc ted  on the bas i s  of A. N. Tikhonov' s genera l  method of solving i l l - s t a t ed  p r o b l e m s  [4]. In the 
cou r se  of solving r e v e r s e  p r o b l e m s  of heat  conduction, the t e m p e r a t u r e  data a re  p r e l imina r i l y  p r o c e s s e d  
by the following s imple  a lgor i thm for  the r e cove ry  of the der iva t ive  T'  (T) 

We cons ider  the p rob l em  of solving an integral  equation with an approx imate  r ight -hand side: 

Au =-- i u (~) cl~ = ~ (% 
6 

where 

we approx imate  the in tegra l  by 

where  

u (~) = d r _ r ,  ~ ( , )  = T (~) - -  T (0). 
d, 

t$ 

U i  ~ l . / f _ l  _1_ /2 i 

2 

and we se lec t  the following regular iz ing  functional [4]: 
rn n m 

X { X  1 = E eo~, [u] = u~A,  --~. a~ + ~z , (8) 

~ I  i=I i=O 

with the regular iza t ton  p a r a m e t e r  a > 0. 

Equating the par t ia l  de r iva t ives  of ui to zero  and assuming,  for  s impl ic i ty ,  zero  boundary values:  
u'  (0) = u' (T m) = 0 (which, genera l ly ,  is  not absolute ly  neces sa ry ) ,  we obtain a l inea r  s y s t e m  of a lgebra ic  
equations for  the family  of d i sc re t e  functions u~(T)min imizab le  by means  of the functional Oa (8): 

in 

Z auJ-t--= [k, k -~ 1, 2 m; (9) 
/ = 1  

where 

ath = A'~ (m- -  I + 1), 

ath = h'r (m - -  1 + 1) -- cr 

alz =: he (m - -  l + 1) + 2a, 

all = k'c(m ~ l  + I) + a, 

n ~ k  

l > k  +2;  

l - = k + l ;  

1==1; m; 

System (9) was solved by the s q u a r e - r o o t  method, pe rmi t t ing  ve ry  p r ec i s e  ca lcula t ions  in a r e l a t i v e -  
ly shor t  machine t ime.  The bes t  approximat ion  to the der iva t ive  was se lec ted  on the bas i s  of the d ivergence  
pr inciple ,  in the fo rm of the equali ty in [5]. We min imized  the quantity 

! ! 
n~ n T in  

n ~ l  i ~ l  0 

with a(T) denoting the absolute m e a n - s q u a r e d  e r r o r  of m e a s u r e m e n t s .  The function ~(r) h a d t o b e  stipulated.  
In p rac t i ce  it is usual ly n e c e s s a r y  to compute d i sc re te  va lues  of s ta t i s t ica l  e s t i m a t e s  of this  quantity which 
co r re spond  to fixed ins tants  of t ime  at some AT step.  Fo r  this,  of course ,  one needs  a sufficiently b road  
select ion of random rea l iza t ions  of the input function. 
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An input function T(7) cons t ruc ted  on the bas i s  of the r e c o v e r e d  der iva t ive  c lose ly  approx ima ted  the 
exact  ftulction and yie lded a c lose  approximat ion  to the sought boundary condition (Fig. 3). 

In many c a s e s  the der iva t ive  of a function has  no independent value and only the input function is to be 
r e c o v e r e d  f rom T(T) data. This  p r o b l e m  eanbe  solved even m o r e  s imply .  I t m a y ,  for  example  , c o r r e s p o n d  
to the p r o b l e m  of min imiz ing  the functional 

i n  m o 

( I )~[T]-  E ( T ' ~ - - T ~ ' )  ~AT@cz Z 
AT 

n = l  n = O  

In this way, an " improvemen t "  of the input data p e r m i t s  a significant reduct ion of the c r i t i ca l  step 
size ATcr at which instabi l i ty  of r e s u l t s  becomes  pronounced.  

The a lgor i thms  for  solving nonl inear  r e v e r s e  p r o b l e m s  can be eas i ly  extended to the case  of a c o m -  
posi te  (e. g . ,  two- laye r )  plate.  Without any theore t i ca l  difficult ies,  they can also be conver ted  for  solving 
p rob l ems  where the heat  t r a n s m i s s i o n  through a body is  descr ibed  by the genera l  equation of heat  conduc-  
tion 

'] 0T C .c~T- O----{Z OT m ~ - , - Q ,  
OT OX~, OX OX 

with internal  gas  and heat  sources  p r e s en t  in the body. The a lgor i thm of Num i will not change significantly,  
if the boundary with an unknown condition becomes  movable  (e. g . ,  as  a r e su l t  of ma t e r i a l  wear) .  Achange  
will occur  only in the shape of the in tegrat ion region in which the movable  boundary is deflnedby a st ipulated 
law X(~-). 

A 

A' 

b 

C 

D1, D 2 
f(x) 
q 

qbs 
T 

Tw 

T6n 
X 

Ax 
Fo 
AFo 
O/ 

a 

T 

T m 

AT 

Tn, xi 
~(x) 

NOTATION 

is a m a t r i x  or  an opera tor ;  
is the t r ansposed  mat r ix ;  
is the t he rm a l  diffusivity; 
is the plate thickness;  
is the specif ic  heat r e f e r r e d  to volume; 
a re  the integrat ion reg ions  for  the equation of heat conduction; 
is the initial t e m p e r a t u r e  distr ibution; 
is the unknown t h e r m a l  flux; 
is the t he rm a l  flux at the inner  (back) surface;  
is the t e m p e r a t u r e ;  
is the t e m p e r a t u r e  at the outer  surface;  
a re  pe r tu rbed  va lues  of the input t e m p e r a t u r e s ;  
~s the space coordinate;  
zs the step of numer ica l  in tegra t ion along x; 
Ls the F ou r i e r  number;  
LS the inc remen t  in the F o u r i e r  number;  
is  the regu la r iza t ion  p a r a m e t e r ;  
is the e r r o r  of input t e m p e r a t u r e  values;  
Ls the model  t e m p e r a t u r e  defined by a Kirchhoff  t r ans fo rm;  
is the t h e r m a l  conductivity; 
~s t ime;  
zs the r ight -hand boundary of the t ime  interval;  
is the step of numer i ca l  in tegra t ion along the t ime  T; 
a r e  points  on the t i m e - - s p a c e  grid; 
is  an additional boundary condition for  solving a r e v e r s e  p rob lem by the scheme Num 1. 

S u b s c r i p t  

0 r e f e r s  to va lues  at point x = 0. 

t .  
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